A c=-2 boundary changing operator for the Abelian sandpile by Ruelle, P














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2reader to the recent Tehran lecture notes by Flohr [9]
and Gaberdiel [10], and to the references therein.
The free theory (1) has aW{algebra generated by three
dimension 3 elds and underlies a c =  2 conformal the-
ory, which is rational with respect to the extended alge-









are irreducible representations constructed
out from ground states with conformal weight given by





, each containing two ground
states with zero conformal weight. All together they









only are closed under modular
transformations (and form a fusion subring). The chiral


























































are the standard Jacobi theta functions, and
 is the Dedekind function [15].
PARTITION FUNCTIONS
We want to compute Z
2
orbifold partition functions
for the free theory (1) on a cylinder, of perimeter L and
length M , and modulus  = i
L
2M
. Along the closed
loop, we allow the two elds ;

 to be either periodic or
antiperiodic, and then sum over the two monodromies.
On each boundary, we choose either open (Dirichlet) or
closed (Neumann) boundary condition.
The calculations are fairly straightforward since the
functional integral is just the determinant of the Lapla-
cian, subjected to given monodromy and boundary con-





















with  = 0;
1
2
for periodic resp. antiperiodic monodromy.














The orbifold partition function, dened as half the sum
of the two determinants, reduces to a single character of











When L goes to innity (q ! 0), the cylinder becomes
an innitely long strip with open and closed boundary
condition on either side. The strip can be conformally
mapped onto the upper half{plane, with the open and
closed boundary conditions on either side of the origin,
on the real axis. The change of boundary condition at
the origin can then be seen as resulting from the action
of the ground state of V
 1=8





switching a boundary condition between




realization (1), this eld is non local in ;

.
Similarly one nds the partition functions for identical














has the identity 





has two, namely 




The above partition functions represent the nite size
corrections to the large volume lattice partition func-
tions, in the limit L;M !1 with
L
M
! 2i , i.e. after
the diverging bulk and boundary free energies have been
subtracted. For what follows, it will be useful to know
the leading term of the boundary free energies. For this
purpose, it is more convenient to consider the partition
function on a rectangle LM (i.e. with no periodicity),
with two edges open and two closed (the sides of length
M are closed say). The partition function is the determi-
nant of the lattice Laplacian with appropriate boundary
conditions (it can be seen as a lattice version of (1), or as




















The Euler{McLaurin formula can be used to evaluate the






= L(M + 1)
4G







logM + log 2
5
4
(2 ) + : : : (10)
where the dots stand for terms that vanish in the limit





= log 3:21::: of the most diverg-
ing term is the bulk free energy density, whereas the
terms linear in L and M give the boundary free energy
densities (remembering that the number of bulk sites is



























with respect to a closed site. The entropy per site
(= e
f
) is then equal to 3.21 for a bulk site, 3.70 for an
open boundary site and 2.07 for a closed boundary site.
3THE 2D ASM ON THE UPPER HALF{PLANE
We consider the ASM on the upper half{plane, x 2
Z; y  1. Depending on the boundary condition, open





. Away from the boundary, they
coincide with the Laplacian on the plane; at a boundary
site, their action is
(
op
  4)f(x; 1) = (
cl
  3)f(x; 1)
=  f(x; 2)   f(x   1; 1)  f(x + 1; 1): (12)























































4  2 cos k
1
  2 cos k
2
: (15)









, clearly diverges. The same is
true if one changes the boundary condition on a stretch
of length n, by inserting n closed sites in an open bound-
ary, or n open sites in a closed boundary. However one





(n) the partition function of the
ASM with open boundary condition everywhere on the





(n) the partition function for the
inverse situation.









They give the expectation value of the closing or opening
of n sites on the boundary, and so should correspond in
the scaling regime to the 2{point function of the bound-
ary changing operator discussed above. On the basis of


















for A a normalization constant.
The explicit calculations described below conrm this
limit, and the CFT picture behind it.
Closed sites in open boundary
From (12), the operator 
op
(n) only diers from 
op
by the diagonal entries corresponding to the set I of the






















is the determinant of a dimension n matrix. Due to the
horizontal translation invariance of G
op
, the determinant
has the Toeplitz form det(a
i j







((0; 1); (m; 1)) along diagonals. Using Eq.(13), a little
of algebra gives a
m
as Fourier coeÆcients of the function




(3  cos k)(1  cos k) + cos k   1: (18)
The Toeplitz determinant det(a
i j
) may be computed
by using a generalization of the Szego limit theorem due






and  a single{valued, smooth, and nowhere
vanishing nor divergent function on the unit circle, have






















; n 1: (19)
The constant













is explicit and given in terms of the Fourier coeÆcients
t
m
of log  and the Barnes function G [15].













coeÆcients of log  (k) are related to values of the inverse








for m = 0;
1
2m
[G(m  1; 0) G(m + 1; 0)] for m 6= 0:
(21)



















The exponential factor is due to the smaller free en-
ergy that a closed site has with respect to an open
site, a dierence equal to
2G

, as we have seen earlier.
This term must be subtracted before comparing with
the corresponding CFT quantity. This leaves the ex-
pected power law with exponent
1
4
. The normalization is















 1:18894, for which
we have used the functional relation G(z+1) =  (z)G(z)
and G(1) = 1 [15].
Open sites in closed boundary













poses an immediate problem: all entries in this determi-
nant are innite, due to the divergent integral (15). From
4the ASM point of view, the divergence is a manifestation
of non local eects and is caused by the breach we make
in the boundary, which in eect frees an innite number
of congurations, which were until then forbidden and
which now become recurrent. The divergence is present
for n = 1 and does not sharpen when n increases.






















((0; 1); (m; 1)) are the












plained above, only the ratio is well{dened, but the














1  cos k +
p
3  cos k]: (25)
For  >  
1
2
, all terms in (24) are nite, but both b
0
and




that the ratio is regular.
The singularity of b
0





+nite. From (19), the pole of the determinant








. The coeÆcients t
0
m


















the inverse of the function encountered in the case \closed







































), and produces the same
normalization constant A for the boundary changing op-
erator. As expected, the exponential factor now reects
the excess of boundary free energy of open boundary
sites.







a nite part, related to that of G(0; 0). Its value however
depends on the shape of the rectangle, and thus has no
well{dened innite volume limit.
THE FOUR{POINT FUNCTION
One may go further and consider the insertion of two
stretches of closed sites in an open boundary (or vice{
versa), and then compare it with the 4{point function of

cl;op
. The conformal blocks of the latter are the com-
plete elliptic integrals K(x) and K(1   x) [8]. The ap-








































FIG. 1: Ratio of the ASM partition functions for two segments








]) in an open boundary, as
function of the anharmonic ratio x. The solid curve is the
CFT prediction, the other two are numerical.
This may be directly compared with a ratio of ASM par-
tition functions. We consider an open boundary on which

























































is expected to converge to (27) in the scaling limit.
Exact ASM calculations are more diÆcult in this case,
and we merely present in Fig.1 the results of (modest)
numerical calculations. We have taken the two sets of







= N ). We have xed 2n + N to
200 and 300 (resp. long and short dashes), and in each






between 0 and 1. The numerical evaluation of (28) yields
the dashed curves, while the solid line is the CFT result
(27). The agreement is satisfactory in the region where
the scaling regime is best approached.
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